INTRODUCTION
The continuation theorem of Leray and Schauder [21] for a single-valued family of compact displacements is well known to be a powerful tool in establishing existence results for differential and integral equations. Yet its usefulness is limited by its compactness requirement. In recent years this theorem, as well as other results from the classical theory of compact operators, has been extended to various classes of noncompact operators such as monotone, A-proper, and condensing types1 (see, e.g., [S, 8, 17, 26, 30, 39 , 401 for a survey of some of the results in these fields).
It is our purpose in this paper to extend the scope of results of this type to families of multivalued A-proper mappings so as to unify and extend (in a constructive way) the corresponding results for the various mappings mentioned above.
Let X and Y be two real normed spaces with an admissible1 approximation scheme r = {E, , V,; F, , W,>. In the first part of Section 1 we establish some continuation theorems for families of multivalued mappings Tt (0 < t < 1) of D C X -+ 2r, in which either Tt (for each t E [0, 11) or Tt (for t = 1) is A-proper with respect to J', which assert that if To satisfies suitable conditions (which ensure the approximation-solvability off E T,,(x)), then the equation f E T, (x) has the same property. Our conditions on T,, and our proof of the continuation theorems (Theorems 1.1 to 1.3) and their corollaries employ properties of finite-dimensional Brouwer degree for multivalued maps as described by Ma [22] . Our results extend to multivalued family of A-proper mappings Tt the Leray-Schauder continuation theorem [21] . m such a way as to include the recent continuation theorems of Fitzpatrick and Petryshyn [15] for a multivalued ballcondensing family, of Tucker [41] and Milojevic [23] for single-valued and multivalued Pr-compact maps, respectively, of Browder [5] and NeEag [25] (see also [16] ) for maps of type (S) and others. We should note that the authors of [ 15, 411 do not use the degree argument to obtain their continuation theorems but restrict themselves to convex domains. We add that our continuation theorems are related to the homotopy theorems of Browder and Petryshyn [7] for single-valued A-proper maps, of Sadovsky [39] and Nussbaum [26] for singlevalued condensing maps, and of Petryshyn and Fitzpatrick [33, 341 for multivalued condensing maps (see also [8, 431 ) and of Skrypnik [40] for maps satisfying condition (a).
In the second part of Section 1 we use Theorems 1.1 to 1.3 to establish the approximation-solvability results for equations f E T(x) and f E T(x) + N(x), where T: X+2Yand T+N:X -+ 2y are A-proper and either T is positively homogeneous or T-l(Q) is bounded in X whenever Q C Y is relatively compact and where N is required to satisfy suitable growth conditions. In addition to new results, some of the propositions in this subsection include certain recent single-valued results for A-proper mappings due to Petryshyn [29, 311 , as well as the subsequent extensions of some of these results to multivalued maps due to Milojevic [23] . In the first part of Section 2 we use the results of Section 1 to deduce in a constructuve way certain continuation theorems for single-valued and multivalued families of condensing mappings, P-compact mappings, strongly Kmonotone mappings, and mappings of type (KS). The second part of Section 2 is devoted to establishing a number of constructive surjectivity theorems for various special classes of mappings and especially for those of u-stable and of strongly K-monotone type. At each step it is clearly indicated how our results are related to those of other authors, usually obtained by different arguments.
Note that in Definition 1.1 we do not require that E,, and F,, be subspaces of X and Y, respectively, nor that V,, and IV, be linear projections. The following examples of admissible schemes, which we subscript for further references, illustrate the generality of Definition I. 1. For the present we assume that (X,) is a sequence of oriented finite-dimensional subspaces of X such that dist(x, X,) -+ 0 as n -+ 0~) for each x in X and let V, be an inclusion map of X, into X.
(a) Let {Y,} be a sequence of finite-dimensional oriented subspaces of Y such that dim Y, = dim X, for each n and let Q,, be a continuous linear map of Y onto Y, such that 11 Qn 11 < M for all n and some M > 0. Then I', = {X, , V,; Y, , Qn} is admissible for (X, Y).
(b) If Y = X, Y, = X, and W, = P, , where P, is a projection of X onto X, such that P%(x) + x as n + CO for each x E X and 11 P, Ij < AZ, for all n, then P, = {X, , V,; X, , Pa) is an admissible projection scheme for (X, X).
Note that when X is complete, then the assumption I/ P, 11 < M, is superfluous.
(c) If Y = X*, Y,, = R(P,*), V, = P, 1 X,, = I, and W,, = P@*, then P, = {X, , P,; Y,, , Pa*} is an admissible projection scheme for (X, X*).
(d) If Y = X*, Y, = Xn*, and W, = Vn*, then rd = {X,, V,;
Xn*, V,*} is an admissible injection scheme for (X, X*).
We add that the scheme P, , which proved to be particularly useful (see [5, 201) for the approximation-solvability of boundary-value problems for differential equations, always exists when X is separable. Example (c) shows that a projection scheme could be admissible for (X, X*) without being projectionally complete for the pair (X, X*) (i.e., such that P,(x) + x for x E X and P,*(g) +g for g E X*).
Let D be a given set in X, D, = V;l(D), T: D -+ 2y and T, = W,TV, ID,: D, -+ 2F". The class of multivalued maps T studied in this paper is given by DEFINITION 1.2. A multivalued map T: D C X + 2r is said to be A-proper w.r.t. P = {E, , V,; F,, , W,} if T,: D, --f 2 Fn is upper semicontinuous for each n and if for any sequence (u,, [ u,, E D,,) such that {V,,,(un,)) is bounded in X and II W,&J~J -W,,(~)ll -+ 0 as j + ~0 for SOme ye, E Tl/',,(u,J and Y E K there exists a subsequence {un,(,,} and x,, E D such that Vnit,j(u,,J -+ x,, and Y E T(G). Remark 1.2. The theory of single-valued A-proper mappings, whose study (via P-compact mappings) was initiated by Petryshyn [28] , has also been investigated by a number of other authors, including Browder, Deimling, Fitzpatrick, Grigorieff, Wong and many others (see [30] for other contributors and a survey of the results). The theory proved to be useful in the constructive solvability of differential and integral equations and other fields. It also provided the unification and the extension of various results from the theories of operators of monotone and condensing types. Moreover, there are operators which are A-proper but which are neither of monotone nor of condensing type. Multivalued A-proper mappings w.r.t. projectionally complete schemes were first extensively studied by MilojeviC [23] ( see also [lo] concerning a fixed-point theorem for a multivalued P-compact map). Given T: D -+ 2r, the graph of T, G(T), is defined as {(x, y) 1 x E D, y E T(x)}, the effective domain of T is D(T) = (x E D 1 T(x) # 0) and the lunge of T, R(T), is defined as {y 1 (x, y) E G(T)}. We know that if T is upper semicontinuous (u.s.c.), then T,, is also U.S.C. The following lemma gives some weaker conditions on T that imply upper semicontinuity of T, (see [23] ). 
If
(1) T is locally bounded and demiclosed on each D, and Y is reflexive, then T, is U.S.C. on D, .
(2) T is upper demicontinuous on D and T(x) is nonmepty closed and convex for all x in D, then T is demiclosed.
The following examples of multivalued mappings, which were proved to be of the A-proper type w.r.t. a given projectionally complete scheme in [23] , illustrate the generality of the class of multivalued A-proper mappings. First let us note that if T is A-proper w.r.t. I' and C: D -+ 2r U.S.C. and compact (i.e., C maps bounded sets in D into relatively compact sets in Y), then T -+ C is A-proper w.r.t. T, where we define (T + C) (x) = {u + u j u E T(x), w E C(x)}.
In the rest of this paper C(X), BK(X), and CK(X) denote the family of all nonempty compact, bounded closed and convex, and compact and convex subsets of X, respectively. To be able to state some other examples, we need the following notions. For a bounded subset A C X we define the ball-measure of noncompactness (see [39] ) of A as x(A) = inf{r > 0 1 A can be covered by a finite number of balls of radius less than I with centers in X}. EXAMPLE 1.2. If X is complete and S: X + CK(X) is strictly con&active (i.e., 8(,!?(x), S(y)) < h 11 x -y 11 for all x,y E X with k E (0, I)), then T = I -S -C is A-proper w.r.t. I', provided I) P,, 11 = 1 for all n. EXAMPLE 1.3. If X is complete and F: D C X --f C(X) is U.S.C. and ballconabtsing (i.e, for each bounded subset A C D with x(A) # 0, ,Y(F(A)) < x(A)), then T = I -F is A-proper w.r.t. r, pro&&d II P,, II = 1 for all n. EXAMPLE 1.4. Let X be a reflexive Banuch space and T: X + 2x' demiclosed and strongly monotone, i.e., for each x, y E X, (u -v, x -y) > c(II x -y II) for all u E T(x), and v E T(y), where c: R+ -+ Rf is a continuous function such that c(0) = 0 and c(r) > 0 if 7 > 0. Then T is A-proper with respect to ra and obviously T(x) n T(y) = o if x # y.
Proof. The proofs of the claims in Examples 1.1 to 1.3 follow the standard procedure (see [29, 42, 231 ). Therefore we restrict ourselves to the proof of the claim of Example 1.4 which has been obtained by Petryshyn [32] for the singlevalued case.
Let {xn, I x,, E X,l) be a bounded sequence such that V~*,<U,,) -Vzig) --, 0 as k -+ cc for some u,,~ E T(xnk) and g E X *. Then, passing to a subsequence if necessary, we may assume that x,,~ -x,, as k + co. From the equality (%ar 7 X",) = vQ4a*) -q(g), X"J + V,*,(g), xn,) it follows that (u,*, x,,) < constant. Since 0 E D(T) = X, it has been shown by Browder and Hess [6] that {u,,~} is bounded. Since dist(x, X,) -+ 0 as n + 03 for each x E X, there exists yn E X,, such that y,, + x,, as tl-+ co. Hence, bll, 9 XTlk -x0) = (%, , x7+ -Y?&,) + (u,, , Yn, -x0) -0 as h-P 03, since (u,,,} is bounded and y,,. -x,, -+ 0.
Since (IIs , x,~ -x0) --+ 0 for any us E T(x,), we see that (u,, -u. , xnk -x0)-+ 0 as K + co.
Hence, by the strong monotonicity of T and the properties of the function c(r), we obtain that xpzx-+ x0 . By the boundedness of (Us,> we may assume that u,,, -us E T(x,), since T is demiclosed. Now let y be any element in X and yn, E XnL such that yn, + y as K + co. Then (g -us, y) = lim,(g -u,~, yn,) = b4VZJg) -VQ4J Yn,) = 0. S ince y E X was arbitrary, g = u,, E T(x,). The fact that W,TVn is U.S.C. for each ra follows from Lemma 1.1 since T is demiclosed and locally bounded on X (see [38] ). This completes the proof of the claim of Example 1.4.
Other examples of (multivalued) A-proper mappings are given below (see also [23] ).
Since our proofs of the solvability of operator equations involving multivalued A-proper mappings are based on the degree theory for U.S.C. compact multivalued mappings acting in a finite-dimensional normed space, for the sake of completeness we now state the basic properties of this degree needed in the sequel (see [22] ).
Let X, be a finite-dimensional normed linear space, and let D be a bounded open subset of X,, with a boundary aD and closure D. Let T: iJ --t CK(X,) be U.S.C. and p E X, such that p g T(aD). Then there exist (see [22] [22] , this definition is independent of the choices of C and G.
For the purposes of this paper we state the following properties of the above degree, whose proofs can be found in [22] . To state our results we need the following notion. (resp., Vnj(unj) ---f x0 for some subsequence {+} of {Us}) and f E T(x,,).
Throughout the paper we assume that each A-proper mapping T considered is such that T,(u) is compact and convex for each u E E, . This will be so if, e.g.,
Our first result is the following essentially constructive continuation theorem. Proof. Let f be a fixed point in Y for which (Hl) to (H3) hold. The A-properness of T(0, a) and (H2) imply the existencesof an integer n, (an,) and a number y > 0 (depending on f) such that II Wn(4 -tWn(f)ll 2 Y for n > n, , t E [0, 11, v E Consequently, by the A-properness of T(t, .) w.r.t. r, there exist a subsequence {u,} C (u,~(,,} and x0 E D such that Vm(u,) + x,, in X as nz + 00 and f E T(t, x0) with x0 E aD , in contradiction to (HI). Now, for each n 2 n2, define the homotopy G,:
Then, as before, using (1.4) we have that 0 # G,(t, u) for all t E [0, 11, u E aD, , and n > It2 . Since G, is also u.s.c., we obtain for each n > ng that
Hence, for each n 3 n, , In view of this remark we have the following useful generalization of Theorem 1.1. An immediate consequence of Theorem 1.2 is the following essentially constructive surjectivity result. Now we derive a number of special cases of Theorems 1.1, 1.2, and 1.3. We state these results for multivalued mappings and, as seen below, we obtain various new results as well as some known ones on the approximation-solvability of operator equations involving both multivalued and single-valued mappings. We start with two propositions which provide us with conditions on T(t, x) that would imply hypothesis (H4). Proof. All we need show is that hypothesis (H4) holds. Let f E Y be fixed and let L, be any linear isomorphism of F, onto E, . Since B, is bounded, convex, and symmetric about 0 E E,, and L,W,T,,V% is odd on aB,(O, rf), by finite-dimensional degree property (3) we have that for all n 3 n, deg(L,WJJn , &do, rt), 0) f 0;
i.e., hypothesis (H4) holds. Q.E.D. Q.E.D.
We add that the conclusion of Proposition 1.2 holds if instead of (C3) we require (C3') (0, u) < 0 f or all v E T(0, x), u E K(x) with 11 x 11 > r.
In this case as H, we take H,(t, u) = tL,W,T(O, V,(u)) -(1 -t)LnMn(u).
In what follows we say that a mapping T: X -+ 2y satisfies condition (+) if (xIC) is any sequence and (x Ic , r+J E G(T) for each K with ulc +g in Y imply that {xk} is bounded. Case (ib). Assume that A is odd and consider the homotopy Z','(x) = T(x) + (1 -t) N(x). Then, as before, we show that (1.6) holds for the homotopy T,'. This and the oddness of A imply that all the hypotheses of Proposition 1.1 hold for T,'(x) and so the conclusion also remains true in this case. Q.E.D.
Remark 1.8. For A single-valued, part (i) of Proposition 1.3 was first proved by Petryshyn [27] and later by Milojevic [23] in the multivalued case.
The following proposition provides us with another set of conditions on T and N which imply the applicability of Theorem 1.3. If not, then there would exist infinitely many {A,} C (1, co) and unk E a&JO, rf) such that W&n,) = bc%&n,) for SOme ynk E TV&,,) and h, E NV&,,). 
Condirion (l+).
(u, $/]I z, II+ 00 as 11 x II--+ co for all u E T(x), w E Kx (i.e., T is K-coercive).
Condition (2+).
For each unbounded sequence (xJ C X, [ [ un [j -+ co as n + 00 for all u, E T(x,) (i.e., T is norm-coercive).
Condition (3+).
For Then the equation f E T(x) is feebly approximation-solvable for each f E Y. Remark 1.12. For single-valued T and C, Proposition 1.5, part (i), was proved by Petryshyn [31] using the generalized degree theory for A-proper maps. Proposition 1.6 was proved first by Petryshyn [27] when all mappings involved are single-valued, and by Milojevic [23] in the present form.
Let us observe that Proposition 1.6 allows us also to study the approximationsolvability of perturbed equations of the form f E A(x) = T(x) + C(x) (x E Xf E Y), We need the following result which was established in Milojevic [23] for a projectionally complete scheme and is an extension of the corresponding result of Petryshyn [29] f or single-valued mappings. It is easy to check that the proof of this result is valid for any admissible scheme I', and hence it is omitted. PROPOSITION 1.7. Let X, Y, K, K, , and M,, be as in Proposition 1.6. Let T: X-t 2y be A-proper w.r.t. r and suppose that for each f E Y there exists an rf > 0 such that (C6) (u -f, v) > 0 for each u E T(x), v E K(x) with 11 x II = r, .
Then the equation f E T(x) is feebly approximation-solvable for each f E Y. Remurk 1.13. It is easy to see that if T is K-coercive; i.e., there exists a function c: R+ -+ R+ with C(Y) ---f co as r + co and (u, V) > c(ll x 11) ]I v 11 for all x in X and all u E T(x) and w E K(x), then to each f E Y there corresponds n, > 0 for which (C6) holds.
2
In the first part of this section we use the results of Section 1 to deduce in a constructive way certain continuation theorems for single-valued and multivalued families of condensing mappings, P-compact mappings, strongly K-monotone mappings, and mappings of type (KS). The second part of this section is devoted to establishing a number of constructive surjectivity theorems for various special classes of mappings and especially for those of u-stable and of strongly K-monotone type. At each step it is clearly indicated how our results are related to those of other authors, usually obtained by different arguments.
Our first special case of Theorem 1.1 is COROLLARY 2.1. Let X be a Banach space with a projectionally complete scheme r,, and 11 P, // = 1 for all n, D as in Theorem 1. [21] . Corollary 2.1 is also related to the corresponding homotopy results of Sadovsky [39] and Nussbaum [26] .
Next we establish Corollary 2.1 for the case of multivaluedF(t, x). The reason for treating the multivalued case separately is that, under the upper semicontinuity of F(t, x), hypothesis (H3) does not seem to hold and consequently we are not able to apply Theorem 1.1 in this case. Nevertheless, we are still able to obtain the feeble approximation-solvability of x eF(l, X) using a variant of Theorem 1.2. To that end we need the following result (see [42] for the singlevalued case) which is of interest in its own right. In a more general setting, Corollary 2.1' was proved by Fitzpatrick and Petryshyn [15] for convex D using only an ingenious retraction-type argument. Using the fixed-point index of Fitzpatrick and Petryshyn [15] for multivalued condensing mappings, Milojevic [23) obtained the existence part of Corollary 2.1'.
The following corollary was obtained by Milojevic [23] , using the fixed-point index of Fitzpatrick and Petryshyn [15] for multivalued condensing mappings, and by Tucker [41] in the single-valued case, using a retraction argument, for the case when D = B(0, r) (see also [ll] ). To that end, we claim that there exists N > 1 such that Ax $ P,F(O, x) for all xfzao,, X > 1, and n > N. If not, then there would exist x~, E 30, and hnb > 1 such that An,xnk E P,F(O, xnJ f or each k > 1. Since F0 is bounded and I/ xnr 11 3 6 for some 8 > 0, we see that {A,J is bounded. Thus, we may assume that XnL -+ h > 1. Then Ax, -An,xfln --+ 0 as k + co and so, by Pr-compactness at 0 of F,, , it follows that &ere exists x E 30 such that Ax EF(O, x), in contradiction to (c). Thus, an integer N with the above property does exist. Q.E.D.
To continue with our special cases, we need (3) hold and (c') for each {x,} CD with x, -x in X and lim sup(ufl , fn) .< 0 for some U, E T(x,) and fn E K(x, -x) we have that x, -x in X.
Monotone mappings (K = 1, Y = X*) were introduced independently by Vainberg-Kachurovsky and Zarantonello, and further studied by Minty, Browder, Kachurovsky, Rockefellar, and others (see [5, 171 for references). The study of J-monotone mappings (J a duality mapping) was initiated by Browder, while those of the single-valued K-monotone type with K a suitable mapping, by Kato and Petryshyn. Single-valued mappings of types (S) and (S,) from X into X* (K = 1) were introduced and studied by Browder 121, and those of modified type (KS) and (KS,) by Petryshyn [35] . DEFINITION 2.2. We say that a mapping T: D ---f 2y is K-quasi-bounded if for any bounded sequence {xn} C D, yla E T(x,) and fn E K(x,) with (ym , fn) < c 11 x, /I for each n and some constant c > 0, the sequence (y,} is bounded in Y.
In addition to bounded mappings, it was shown by Browder and Hess [6] that monotone mappings (K = I, Y = X*) with 0 in the interior of its effective domain are quasi-bounded. We add that using similar arguments, one can show that a K-monotone mapping defined on X is K-quasi-bounded provided that K is linear.
Let us continue the discussion of our results in this section by introducing some new classes of A-proper mappings. Since $(xnj -x,,) and &(xnj -yn,> lie in B(0, r), {u-j> is bounded by some constant c and 11 yni -x0 I/ + 0, it follows from (2.2) that (u,, , K(+(xnj -x,,)) -K($-(Xnj -m,))) 1 < c#(& 11 ynj -~0 11) -0 as j-CO. In view of (2.1), this and the fact that (u,, , K(xaj -mj>> + 0 imply that (unf , K(xnj -x0)) + 0 as j -00. Since T is of type (KS), x,~.+ x0 E D. By the boundedness of {u,~}, we may assume that u,* -u. E T(x,) smce T is demiclosed. Now, let Y E X be arbitrary and yn E X,, such that yn + y. Then, by assumption (aa) on K,
Hence, since R(K) is dense in Y* and (u. -g, w) = 0 for each w E R(K), it follows that g = u. E T(x,). Finally, the upper semicontinuity of QnT / D, follows from Definition 2.1(b).
Q.E.D.
Remark 2.2. Analyzing the proof of Proposition 2.2, we see that T: D -2r is A-proper at 0 w.r.t. r, without requiring the weak continuity of K at 0.
Since (a) of Definition 2.1 was not used in the proof of Proposition 2.2, as an immediate corollary of it, Lemma 1.1 and Proposition 1.7, we have the following result provided that 11 Kx 11 3 co > 0 V II x 11 = 1. We say that Banach space X has property (H) if it is strictly convex and if x, -x in X and /( x, I/ -+ 11 x /I imply that x, -+ x in X. Q.E.D.
Let us note that a duality mapping J: X -+ 2x* with respect to a gauge function $ is an example of mappings treated in Corollary 2.3 (Y = X*). We add that Proposition 2.2 and its corollaries were proved by Petryshyn [29, 351 in the single-valued case.
We are now in a position to state another particular case of our continuation Theorem 1.1 for multivalued mappings of type (KS). Corollary 2.5 improves an existence result of NeEag [25] , who treats the case when Y = X*, K = I, and Tt is a bounded demicontinuous mapping of type (S,) for t E [0, l] (h owever, no separability of X was required in [25] ). We also add that a result of NeEag [25] is an extension of an earlier result of Browder [5] , who assumed the separability of X, and the boundedness and the continuity of T, for t E [0, 11. For other extensions and applications see [16] . Remark 2.6. In view of our results in Section 1, we see that conditions on K and Tin Corollary 2.2 together with, for example, K-coerciveness of T, imply the strong approximation-solvability of the equation f E T(x) for each f E Y and, in particular, the surjectivity of T. However, if somehow we can establish the surjectivity of T without the restrictive assumption (as) on K in Proposition 2.2, then we can establish the A-properness of T and thus the approximationsolvability off E T(x), as we see from the following generalization of Theorem 2 of Petryshyn [28] . Proof. Let {x,,, I xTj E X,,J be a bounded sequence such that Q,,,(u~,> -Qn,(g) -+ 0 as j -+ co m Y for some ufli E T(x,,) and g E Y. By the surjectivity of T, there exists x0 E X such that g E T(x,,). Since dist(x, X,) --+ 0 as n -+ co for each x E X, there exists yn E X, such that yn -+ x,, . Then, by the lower semicontinuity of T, we can choose v, E T( y,J with a, -g. Remark 2.7. Let X, Y, and I', be as in Proposition 2.3 and T: X-t 2y surjective, lower semicontinuous on X, U.S.C. from each X, to the weak topology on Y and strongly K-monotone with K: X-t 2y* bounded, (g, u) = (QJg), U) for all g E Y and u E K(x) with x E X, and 11 u II = 11 x 11 for each u~K(x) and xEX.
Then it is easy to see that T satisfies inequality (2.3) and consequently, by Proposition 2.3, T is A-proper w.r.t. I+, . Thus Proposition 1.7 implies that if, for example, c(r) -+ co as Y + co, then f~ T(x) is strongly approximation-
Analyzing the proof of Proposition 2.3, we see that for mappings defined on subsets of X, the following result is valid. As an immediate consequence of Proposition 2.3 and Theorem 1.3 we obtain the following approximation-solvability result. 
Accretive Mappings
Now we apply our results to operator equations involving mappings of (strongly) J-monotone type. First, we introduce some new notations. Recall that the normalized duality mapping J: X -+ 2x* is defined by J(O) = 0 and for x f 0, J(x) = {w E X* 1 (w, x) = jl w I/ . I/ x/j , II w I/ = II x II}. For each pair of x, y E X, define (x, y)+ = sup{(w, x) j w E J(y)}. Then we define a somewhat more general type of mapping than those of J-monotone type, to which we refer as accretive mappings. Indeed, suppose that condition (I) holds and take x E aB(O, r). Then for any x* E J(x) we have that x*(x) = sup{x*( y) I y E B(O, r)} which, by condition (I), implies that X*(-TX) < 0. Since x* was arbitrary, we have that (-TX, x*)+ < 0. Conversely, suppose that condition (2.4) holds. If x,, E B(0, r), then condition (I) always holds. Now suppose that x0 E aB(O, r) and that x* E X*\(O) with x*(x*) = sup(x*(y) I y E B(0, Y)>. w e need only show that x*(-T+,) < 0. Since // x* Ij = (l/r) x*(x,,), we have that x*(x0) = 11 x0 I/ . 11 x* [/ . Let K > 0 such that Iz 11 x* I/ = r and define xk*(x) = h*(x) for x E X. Then 11 xk* Ij = Y = II x0 11 and X,*(x,) = k /I x,, 11 .lI x* II = Ij xK* II * 11 x0 11 and consequently, xb* E 1(x,,). By condition (2.4) we have that x~*( -T(x,-J) < 0 and so x*( -( TX,)) < 0. Thus condition (I) holds. In view of this remark, we have the following constructive extension of an existence result of Deimling [9] for D = B(O, r). THEOREM 2.2. Let X be a Banach space with a projectionally complete scheme r, = {X, , V,; X, , P,), /j P, II = 1, and T: B(0, r) C X+ X continuous and such that (TX -Ty, x -y) > C (11 x -y 11) II x -y 11 and (-TX, x)+ < 0 for each II x II = r. Then the equation TX = 0 is uniquely approximation solvable w.r.t. r, .
Procf. Since P,*J(x) C J(x) for each x E X, , we have that our condition on T implies that (-P,T(x), To obtain the unique approximation solvability of T(x) = f for each f E X, we need the following surjectivity result for accretive mappings. In what follows we say that T: X + Y satisfies condition (++) provided that whenever {xn} C X is a bounded sequence such that TX, --f g for some g in Y, then there is x E X such that TX = g. Consequently, by Deimling's theorem [9] , T, is surjective and by Proposition 2.3, T, is A-proper w.r.t. r, for each n. Now define K = J, K, = P,* J: X,, ---f X,' = R(P,,*) C X* and M, = I,, on X, . Since P,* J(x) C J(x) for all x E X, , we see that K, K, , and M, satisfy all the hypotheses of [31, Theorem 41 (see [24] ). Moreover, for each x E X, (T(x), x)+ > 0 and (x, u) = 11 x iI2 3 0 for all u E J(x). Thus, by [31, Theorem 41 , which is easily seen to be valid when the condition (T(x), u) > 0, u E J(x) is replaced by (T(x), x)+ 3 0, T is surjective, i.e., T(X) = X.
For the strongly accretive mappings we have the following constructive result. Let us prove that (2) implies condition (+). Suppose that T(x,) -+ f as n + co. Then, for each E > 0, there exists n(c) 3 1 such that ~(11 x, -x, 11) < II T&J -W,)ll -c 6 f or all n, m > n(c). Let m, > n(c) be fixed. Then II xn -x,~ /I < M for all n >, n(c) and some constant M, for otherwise 0 < liy+kf ~(11 x, -xmO 11) < lin$$f // T(x,) -T(x,&l < E, a contradiction, since E can be chosen arbitrarily small. Hence, {x, -x,,} is bounded and consequently, (x,J is bounded, proving that T satisfies condition (+). COROLLARY 2.6. Let X and P, be as in Theorem 2.3 and T: X + X continuous and strongly accretive. Then, if either (1 TX // + co as // x // + co or lim inf,,,, c(r) > 0, the equation T(x) = f is uniquely approximation solvable for each f E X. Remark 2.9. Corollary 2.6 for the case when lim inf c(r) > 0 as r -+ 00 was proved by Deimling [9] . Under the additional assumptions that c(r) is strictly increasing, c(r) -+ co as r -+ cc, X is reflexive, X* is strictly convex, and J is weakly continuous, it was proved earlier by Petryshyn (see [30] ). Under the assumption that X* is uniformly convex, it was proved by Browder [3] without the requirement that J be weakly continuous. Remark 2.10. When T: X -+ Y is Gateaux differentiable, then one may use in Theorem 2.1 the following surjectivity result of Pohoiaev [37] .
Let X and Y be Banach spaces with Y reflexive (uniformly convex, respectively) and suppose that T: X-+ Y is continuously Gateaux differentiable with Z'(X) weakly closed in Y (Gateaux differentiable with Z'(X) closed in X, resp.). Let dT,*: Y* -+X* denote the adjoint mapping of the Gateaux derivative dT, of T at a point x. Then, if the null space N(dT,*) = {0} for each x E X, T(X) = Y. Let us also add that certain surjectivity results for strongly K-monotone mappings of Browder [4] and Kirk [I91 can also be used in conjunction with Theorem 2.1 to obtain the unique approximation-solvability of equations involving such mappings (see also [35] ).
Let us now turn our attention to the approximation-solvability of equations of the form T(x) -M(x) = fwith T condensing (for example) and M linear. We start with some preliminaries. Let X and Y be normed linear spaces and let {X,} be a sequence of finite-dimensional subspaces of X such that dist(x, X,) -+ 0 as n + co for each x E X. 
